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Abstract – Mapping a planar conductor with arbitrary electronic band structure (e.g., linear
or parabolic) to a slab of bulk medium exhibiting the same optical responses, we formulated an
equivalent-medium approach to study the optical properties of metamaterials (MTMs) made by
patterning such a planar conductor, particularly for the graphene system. The theory was applied
to study various graphene-based MTMs, with calculation results in one particular system (with
no adjustable parameters) agreeing well with available experiments.

Copyright c© EPLA, 2013

Introduction. – Metamaterials (MTMs) are artifi-
cial electromagnetic (EM) materials, typically composed
of subwavelength microstructures made by good metals.
Due to the EM resonances of these constitutional units,
MTMs can be designed to exhibit almost arbitrary values
of permittivity and permeability , which enable them to
possess unprecedentedly strong abilities to control EM
waves, resulting in fascinating physical effects such as
negative refraction [1], super imaging [2,3], invisibility
cloaking [4,5], and polarization manipulation [6,7]. Since
the concept of MTM is established based on homogenizing
a highly inhomogeneous medium, the quality of a MTM
depends crucially on the compactability of each structural
unit. Meanwhile, it is also desirable to make MTMs’ func-
tionality actively tunable by external means such as elec-
tric gating [8,9]. Unfortunately, MTMs made by conven-
tional metals do not exhibit these desired properties, so
that finding new constitutional materials with extraordi-
nary electronic band structures (EBS) is crucial.
Graphene [10], the thinnest conductor consisting of a

monolayer of graphite, exhibits unusual linear (Dirac-
cone) EBS [11–14], based on which many interesting
effects were discovered [10]. Recently, surface-plasmon-
polariton (SPP) properties of unpatterned graphene
attracted lots of attention both theoretically [15–19]
and experimentally [20,21]. Measured SPP dispersions
of graphene showed that it can confine photons very
tightly and its SPP properties can be tuned by external

(a)E-mail: phzhou@fudan.edu.cn

gating [20,21]. Some efforts were devoted to studying the
optical properties of certain patterned graphenes [22–26].
As first experimental work, Ju et al. demonstrated that
an array of graphene ribbons exhibit well-defined plasmon
resonances [22]. On the theoretical side, one typically
expanded electric currents on a patterned graphene as a
linear combination of that of an unpatterned graphene,
with expansion coefficients fixed by appropriate boundary
conditions [23]. However, while such a technique can
handle microstructures in simple shapes (say, disk,
stripes, etc.) [24–26], it appears inconvenient for studying
graphene-based MTMs with complex microstructures.
Although some effective-medium models were adopted
to study the graphene systems, justifications for those
models were not explicitly given [25–27]. In addition,
we note that there are considerable recent interests in
constructing MTMs using different electronic materials
(say, graphene, good metals, doped semiconductors and
even two-dimensional electron gas (2DEG)) [28–30], and
one has noticed the dramatic differences in conductivity
functions of different electronic materials [31], but a
unified theory to study MTMs made by patterning
different planar electronic materials does not exist.
This paper is mainly devoted to establishing a general

theoretical approach to study MTMs made by planar
conductors. We first developed an equivalent-medium
theory (EMT) to study the optical properties of a MTM
made by a planar conductor exhibiting a general EBS
(not necessarily graphene), and then employed it to
study the SPP properties of an unpatterned graphene,
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whose plasmonic properties are found quite different from
other typical materials (doped semiconductor and good
metal). We next applied our EMT to study various
graphene-based MTMs with arbitrary microstructures,
with applications on a particular system in quantitative
agreement with available experiments [22]. Conclusions
are summarized at the end.

The equivalent-medium theory. – Consider a
general electronic material with dimensionality D and
EBS ε�k,s. Based on the random-phase approxima-

tion (RPA) [32], the dynamical conductivity function
σRPA(�q, ω) in response to a driving electric field with
frequency ω and wave vector �q is found as

σRPA(�q, ω) =
iωe2

q2
gsgv

(2π)
D

∫
dD�k
∑
s,s′
Ts′s(�k

′,�k)

× f(ε
s′,�k′)− f(εs,�k)

ε
s′,�k′ − εs,�k + �(ω+ i/τ)

, (1)

where �k′ =�k+ �q, f is the Fermi distribution, gs, gv are
the spin and valley degeneracy, τ is the damping para-
meter, and Ts′s(�k

′,�k) = 〈s′,�k′|ei�q·�r|s,�k〉 is the overlapping
integral between two electronic states. Taking only the
intra-band (s= s′) contributions, expanding σRPA(�q, ω)
to series of �q and keeping the leading term (neglecting
the non-local response), we arrive at

σ(�q, ω)≈ ie2

(ω+ iτ−1)D
G(Ef ) · (vf )2, (2)

where G(Ef ) and vf = �
−1∇�kε�k,s|ε=Ef are the density of

states (DOS) and the velocity of electrons measured at the
Fermi surface (FS). It should be noted that while σ(�q, ω) is
the bulk conductivity in a three-dimensional (3D) system,
it represents the surface conductivity in a 2D system, in
which case �q is a 2D vector [33]. Equation (2) provides
an alternative and simplified platform to understand the
plasmonic responses of an electronic material (dictated by
its σ(�q, ω) as proved below), without necessarily perform-
ing sophisticated calculations based on the original form
of σRPA(�q, ω). In particular, we note that the plasmonic
responses of an electronic material are less sensitive to the
microscopic details of its EBS, but only determined by a
few important macroscopic quantities.
As a benchmark test, we first consider a 3D metal with a

parabolic EBS ε�k,s = �
2k2/2m (see footnote 1) and electron

density n. Straightforward calculations show thatG(Ef ) =
m(3π2n)1/3/(π�)2, vf = �(3π

2n)1/3/m [34], so that eq. (2)

reduces to the standard Drude-like form σ(�q, ω)≈ iε0ω
2
p

(ω+iτ−1)
with plasmon frequency ω2p = ne

2/mε0 [35]. Consider next
a 2D good metal with a surface electron density n′. Due
to the reduced dimensionality (D= 2), now the DOS

1For a real material whose band structure is not ideally parabolic,
one can still recast ε�k,s to a parabolic one with m replaced by the

effective mass m∗.

Fig. 1: (Color online) Geometries of the systems under study:
(a) real graphene; (b) equivalent-medium slab.

and Fermi velocity are found as G(Ef ) =m/π�
2,

vf = �(2πn
′)1/2/m. Put them into eq. (2), we found that

the surface conductivity is

σ(�q, ω)≈ ie2n′

m(ω+ iτ−1)
. (3)

Interestingly, eq. (3) recovers standard Drude-like form
for a 3D good metal if n′ is replaced by n, as expected.
We finally consider the graphene system, which is also
a 2D system but possesses a linear EBS, ε�k,s = �vfk

with vf = 9× 105m/s. Suppose the graphene is filled with
surface electron density n′, simple calculations show that
G(Ef ) = 2

√
n′/
√
π�vf [36]. Together with eq. (2), we get

σ(�q, ω)≈ ie2vf
√
n′

�
√
π(ω+ iτ−1)

. (4)

Again, eq. (4) recovers previous results based on more
complicated calculations [37,38].
We next formulate a theoretical approach to study the

optical properties of MTMs obtained by patterning 2D
conductors, particularly the graphene. We first demon-
strate that it is reasonable to use a 3D equivalent-medium
slab to emulate a 2D conductor optically. Consider a
graphene sandwiched between two semi-infinite media
with relative permittivity εr1, εr2 (see fig. 1(a)). Model
the graphene as a 2D current sheet, we found that the
reflectance with respect to a transverse-magnetic (TM)
incident wave is

r=
εr2kz2

−1− εr1kz1−1−σ/ωε0
εr2kz2

−1+ εr1kz1−1−σ/ωε0
, (5)

where kz1, kz2 are the wave vectors in the z-direction,
and σ(�q, ω) is the conductivity function of graphene. Next
consider an ultra-thin (thickness d� λ) anisotropic bulk
medium with relative permittivity

↔
εr3 =Diag[ε

‖
r3, ε

‖
r3, 1],

sandwiched by the same two semi-infinite media, as
shown in fig. 1(b). Employing a standard transfer matrix
method (TMM) [39], we found that the reflectance of the
equivalent-medium slab for the TM mode is

r=−
(
1− Z3

Z2

)(
1+ Z1

Z3

)
+ e−2ikz3d

(
1+ Z3

Z2

)(
1− Z1

Z3

)
(
1− Z3

Z2

)(
1− Z1

Z3

)
+ e−2ikz3d

(
1+ Z3

Z2

)(
1+ Z1

Z3

) ,
(6)
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where Zl = kz,l/ωε0ε
‖
r,l with � labeling different layers (the

equivalent-medium slab is denoted as layer 3 for conve-
nience). In the limit of d/λ→ 0, equating the reflectance
of two systems (eqs. (5), (6)) in normal-incidence case, we
obtain that2

ε
‖
r3 =

√
εr1εr2− σ (ω)

iε0ωd
. (7)

Putting eq. (4) into eq. (7), we find that for graphene

ε
‖
r3 =

√
εr1εr2−

ω2p,eff

ω(ω+ iτ−1)
, ω2p,eff =

e2vf
√
n′

�ε0d
√
π
, (8)

which is a standard local Drude model. Although
↔
εr3 and

the effective plasma frequency ωp,eff explicitly depend
on the thickness d of the equivalent-medium slab, our
analytical derivations show that the optical responses of
the equivalent system do not explicitly depend on d in
the limit of d/λ→ 0. This feature provides us a large
freedom to choose a value of d (not necessarily the real
thickness of a graphene, 0.3 nm) that is convenient for
numerical simulations, which is very helpful to avoid

numerical divergence problems. We note that ε
‖
r3 becomes

�q-dependent if we equate eqs. (5) and (6) in the general
case (not just for normal incidence). However, those �q-
dependent non-local corrections can be dropped when σ
is sufficiently high. Therefore, strictly speaking, our EMT
(eq. (7)) is only valid for doped graphene systems.
Although eqs. (7), (8) are obtained in the normal-

incidence case, we found that they work fairly well in
general cases where the impinging light takes an arbi-
trary polarization and arbitrary parallel wave vector. To
illustrate this, we numerically calculated the reflectance of
both a graphene and its equivalent-medium slab in differ-
ent cases (by varying the frequency and the incidence angle
specified by the q value), and compare the obtained results
in fig. 2. Excellent agreement is noted between the two
results, indicating that the EMT that we derived (eq. (8))
is indeed a very good one although it was obtained based
on several approximations. In particular, we note that the
TM reflectance spectrum shown in fig. 2(f) does exhibit
an expected peak corresponding to the SPP mode on the
graphene, while the same thing does not happen for the
TE case (see fig. 2(e)).
We note that some authors used an isotropic equivalent-

medium slab to emulate the graphene [25–27]. Here our
calculations can provide rigorous justifications on the
validity of such a model. Noting that the isotropic system
exhibits the same scattering properties as an anisotropic
one under the illuminations of a normally incident light,
we understand that the permittivity of the isotropic
equivalent-medium slab should be

εr3 =
√
εr1εr2− σ

iε0ωd
, (9)

if we choose to map the graphene to an isotropic
equivalent-medium slab. To justify this isotropic model,

2Derivations based on the transverse-electric (TE) mode gives the
same result (7).

Fig. 2: (Color online) Reflection coefficient of graphene doped
with n′ = 1.45× 1017m−2 sandwiched between two semi-
infinite media with εr1 = 1 and εr2 = 4, calculated by the 2D
current model (line), our anisotropic EMT (stars) and the 3D
isotropic equivalent-medium-slab model (squares) (both taking
d= 30nm) under various conditions: (a) θ= 65◦, TE polariza-
tion; (b) θ= 65◦, TM polarization; (c), (e) f = 6.94THz, TE
polarization; (d), (f) f = 6.94THz, TM polarization. The inset
in (f) shows the dispersion relation of SPP calculated by differ-
ent methods (we used a= 2µm for convenience only).

we then compared the reflectance calculated by such a
model with those calculated based on the true graphene
system. As shown in fig. 2, while the isotropic model can
well describe the graphene system in TE cases where

the anisotropy in
↔
εr3 cannot be detected, the discrep-

ancy between two results becomes large for TM cases,
especially for large q values. In particular, the isotropic
model may even yield unphysical longitudinal plasmon
resonance at the frequency when εr3→ 0, which does not
exist in both the true graphene system and our EMT (see
fig. 2(b)). This indicates that the anisotropic model that
we derived in this paper is better than the isotropic one.
It is interesting to note that an environment-dependent

term
√
εr1εr2 appears in our EMT (see eq. (7)). This

comes out because the conducting electrons in the
graphene, which is only one atomic-layer thin, inevitably
suffer the screenings by the two dielectric media
placed nearby. This makes our EMT different from a
conventional effective-medium theory, which is treating
optically thin but electronically thick media where such
environment-dependent screening effects do not exist.

Applications to a piece of unpatterned graphene.
– As a benchmark application, we first employ our EMT
to study the SPP properties a piece of unpatterned
graphene, and compare the results with previous calcu-
lations directly on graphene. For the configuration shown
in fig. 1(a), treating the graphene as a 2D conductor, it
was shown [17] that the dispersion relation of the SPP
mode on the graphene is governed by

εr1√
q2− εr1(ω/c)2

+
εr2√

q2− εr2(ω/c)2
=
σ (�q, ω)

iε0ω
. (10)

The solid line in fig. 3(a) represents the SPP disper-
sion calculated based on eq. (10) for graphene (with σ
calculated by the original RPA form (1)) doped with a
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Fig. 3: (Color online) (a) Computed SPP dispersions on a
real 2D graphene (with n′ = 1.5× 1017m−2) with conductiv-
ity function given by eq. (2), and on 3D equivalent-medium
slabs with different thickness d. The dashed gray line represents
the light line. (b) Computed SPP dispersions for 2D semicon-
ductor (with n′ = 1.5× 1017m−2, blue line) and a 30 nm thick
gold slab (dots) are also presented. Insets show the electric-field
distributions in different cases. Here we chose a= 2µm just for
convenience and c is the light speed. The relative permittivi-
tives for the two surrounding media are εr1 = 1, εr2 = 3.9.

certain amount of electrons. We then computed the SPP
dispersion on a 30 nm thick equivalent-medium slab with
↔
εr3 given by eq. (8), based on the configuration shown
in fig. 1(b). Figure 3(a) shows that two modes of SPP
exist on such an equivalent system, corresponding to the
symmetrically and antisymmetrically coupled SPP modes,
respectively. The dispersion curve of the symmetrically
coupled SPP mode matches perfectly with that calculated
on a true graphene system based on eq. (10). As expected,
when we change the thickness d of the equivalent medium
to 3 nm, we obtained essentially the same dispersion for
this mode (see fig. 3(a)). However, our EMT also exhibits
an antisymmetrically coupled SPP mode, which does not
exist in the true graphene system due to the boundary
condition requirement. Such a mode is an unphysical arti-
fact in our model. Fortunately, in real numerical calcu-
lations, such a mode is hardly excited by external plane
waves due to its extremely weak coupling to external field.
We note that this fact has already been demonstrated in
fig. 2(f), where the unphysical antisymmetrical mode does
not appear in the calculated spectrum.
Figure 3(a) shows that the SPP mode takes a very

large q value (q� ω/c) for a given ω, indicating that the
SPP is tightly confined on the system. Therefore, if we
pattern the system to obtain a MTM, this means that
the unit cell size of the MTM (proportional to q−1 in

the lowest approximation) can be made very compact.
Such a deep-subwavelength property is highly desired
in MTM designing, as will be illustrated in the next
section. The physics of such an attractive property can be
understood by examining eqs. (2) and (10). For a given ω,
eq. (10) shows that q takes a larger value if Im[σ(�q, ω)] is
smaller. Now that Im[σ(�q, ω)]∝G(Ef ) (see eq. (2)), we
immediately understand that it is the low DOS of the
graphene at its FS that makes a doped graphene exhibit
such an attractive deep-subwavelength property.
It is thus interesting to employ our theory to check

whether a good metal or a doped semiconductor can have
a similar deep-subwavelength property. Since eq. (2) is
applicable to an arbitrary electronic material, we find
that a low-doped semiconductor must exhibit a better
deep-subwavelength property than a good metal, since
the former has a lower Ef and thus a smaller Im(σ).
Figure 3(b) compares the calculated SPP dispersions for
a doped semiconductor based on the 2DEG model (with
eqs. (2) and (10)) and a 30 nm thick gold slab based
on a standard TMM. Significant deviation of the SPP
curve from the light line for the doped semiconductor
case evidenced the stronger SPP confinement and thus
a better deep-subwavelength property, which is not the
case for a good metal. Therefore, graphene and doped
semiconductors are better candidates than good metals
to fabricate MTMs with compact units in THz regime.

Applications to graphene-based MTMs. – We can
directly apply the established EMT to study graphene-
based MTMs with complex microstructures, for which we
simply replace the graphene part inside the designed MTM
by its 3D equivalent medium described by eq. (8), and then
employ a standard numerical approach (such as the finite-
element method3) to study the optical responses of the
whole system. We note that even under a normal-incident
radiation, the generated local fields on a graphene-based
MTM can exhibit arbitrary polarization and k vector.
However, we have proved previously that the response of
graphene to an external field can be well mimicked by
that of a 3D equivalent system in arbitrary cases (any
polarization and k vector), so that the above scheme is
well justified. The inherent physics is that the response
of graphene to an external field is quite local when the
doping is not very low.
To test our theory, we first studied a graphene-ribbon

system (see fig. 4(a)) for which experimental data are
available [22,40]. With all parameters taken from exper-
iments, we calculated the transmittance T through the
MTM for incident polarization �E ‖ x̂ (see footnote 4) As
a reference, we also calculated the transmittance (TCNP )

3COMSOL Multi-physics 3.5, developed by COMSOL Inc.
(Burlington, USA, 2008).
4The thicknesses of SiO2 and Si are 285 nm and 500µm, and

εSiO2 = 3.9, εSi = 11.19 . We assume that Si exhibits a finite conduc-
tivity 100 S/m to account for the doping in Si in real experiments.
The scattering rate τ−1 is taken to be 4THz, and the doped-electron
density n′ = 1.5× 1017m−2, according to ref. [22].
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Fig. 4: (Color online) (a) Geometry of the graphene-
ribbon structure under study; (b) relative transmission −(T −
TCNP )/TCNP spectra of the graphene-ribbon structure, calcu-
lated by our theory assuming different d values, compared with
experimental results; (c) log-log plot of resonance frequency vs.
doping density n′ with ribbon width w fixed as 4µm, obtained
by theoretical calculations (solid symbols) and experiments
(open symbols). The solid line is the best linear fit of the calcu-
lated data with the fitting formula given. (d) Log-log plots of
resonance frequency vs. ribbon width w with two doping values,
obtained by theoretical calculations (solid symbols) and exper-
iments (open symbols). Solid lines are the best linear fits of the
calculated data, with the formula of one fitting line presented.
All experimental data are taken from ref. [22].

through the same system but with graphene at its charge
neutral point (CNP). The relative transmission spectra
−(T −TCNP )/TCNP computed with different values of d
are found to be almost identical (see fig. 4(b)), as expected.
All spectra show a common plasmonic resonance peak at
3.08THz, coinciding well with experimental results. We
depicted in fig. 4(c) and (d) the log-log plots of the calcu-
lated peak frequency vs. doping density n′ and stripe-
width w, respectively. These plots are again in excellent
agreement with experimental data, confirming the power-
law relations discovered previously [22,37,38]. We empha-
size that all these results are obtained without using any
adjustable parameters.
It is intriguing to note that our EMT, although

derived based on normal-incidence calculations for an
un-patterned graphene, works very well for such a peri-
odic structure where the diffractions are inevitable. The
inherent physics is again that our EMT can accurately
describe the optical responses of graphene for input lights
with very large parallel k vectors (see fig. 2), so that such
diffraction effects have been automatically and accurately
included in our EMT calculations.
Encouraged by the good agreement with experi-

ments, we then applied our theory to design/study
graphene-based MTMs with complex and 2D-confined

Fig. 5: (Color online) (a) Schematic picture of a designed
graphene MTM with a= 30µm, �1 = 10µm, �2 = 5µm,
w= 2µm, and the width of connection graphene between
microstructures equal to 1µm. Source and drain are connected
to two electrodes to dope electrons into graphene. Trans-
mission spectra through the designed graphene MTM under
two incident polarizations, calculated by our theory assum-
ing that the electron doping is n′ = 1.5× 1017m−2(b) or n′ =
2.3× 1017m−2(c). All other parameters are the same as those
in fig. 4.

microstructures, which have not been studied experi-
mentally. A 2D-confined microstructure is crucial for a
MTM to exhibit 2D optical responses in a pre-determined
manner, which is highly desired for designing func-
tional MTM systems. Realizing that the H-shaped
fractal has been widely used in designing MTMs which
can exhibit attractive multi-band and subwavelength
optical responses [41,42], here we chose such a 2D-
confined microstructure to design graphene-based MTMs,
although it is straightforward to design MTMs using
other microstructures. Figure 5(a) presents one of such
designs in which the unit cell of the MTM is a 4-level
H-shaped fractal [41,42], each connected to external
gating electrodes by thin graphene wires. With exactly
the same parameters that have been realized in exper-
iments [22], we calculated the relative transmission
through such a MTM for different polarizations and with
different electron doping. Figures 5(b) and (c) depict the
computed spectra in different cases. In contrast to the
ribbon cases, such a MTM exhibits multiple plasmonic
resonances for two incident polarizations, and these
resonance peaks can be dramatically tuned by external
gating. Many interesting applications can be expected
for these graphene MTMs, and we are looking forward
to experimental realizations of these designs in the near
future. As a final remark, we note that although previous
calculations based on the 2D current model [23] can
well explain the experimental results for the graphene
ribbon cases, they are not easy to extend to study the
graphene-based MTMs with complex and 2D-confined
microstructures, for which our EMT is better applicable.

Conclusions. – In conclusion, by mapping a 2D
conductor to a 3D equivalent-medium slab optically,
we formulated an efficient theoretical approach to
study MTMs made by patterning planar conductors
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(particularly graphene). We discussed the validity of
our theory and compared the plasmonic properties of
different electronic materials in detail. The theory was
applied to study various graphene-based MTMs, yielding
results for a particular system agreeing well with previous
experiments.
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